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Mechanical threshold

• Yield stress at temperature 0 K

• Microstructure dependent

• Thermal & athermal contributions

𝜎0 = 𝜎𝑎𝑡ℎ + 𝜎𝑡ℎ

𝜎0 = 𝑓 𝜌, 𝑑𝑔, 𝑑𝑠𝑔, 𝑐𝑖
𝑚, 𝑟𝑝𝑗 , 𝑁𝑝𝑗 , …

- Dislocation density [m-2]

- Grain diameter [m]

- Subgrain diameter [m]

- Concentration of i-element in matrix

- Radius of precipitate j [m]

- Number density of precipitate j [m-3]

𝜌

𝑑𝑔

𝑑𝑠𝑔

𝑐𝑖
𝑚

𝑟𝑝𝑗

𝑁𝑝𝑗

- Athermal contribution [Pa]

- Thermal contribution [Pa]

𝜎𝑎𝑡ℎ

𝜎𝑡ℎ
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Model overview

• Contributions to mechanical threshold, 0

• Intrinsic strength, i

• Work hardening, disl

• Grain/subgrain boundary strengthening, gb , sgb 

• Solid solution strengthening, ss

• Precipitation strenghtening, prec

𝜎0 = 𝑓 𝜎𝑖 , 𝜎𝑑𝑖𝑠𝑙, 𝜎𝑔𝑏, 𝜎𝑠𝑔𝑏 , 𝜎𝑠𝑠, 𝜎𝑝𝑟𝑒𝑐
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Intrinsic strength, i
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Model overview

• Contributions to yield strength, YS

• Intrinsic strength, i

• Work hardening, disl

• Grain/subgrain boundary strengthening, gb , sgb 

• Solid solution strengthening, ss

• Precipitation strenghtening, prec
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Work hardening, disl

• Taylor equation

- Taylor factor

- Shear modulus

- Burger’s vector

- Dislocation density

- Strengthening coefficient

G

b


𝑀

𝜎𝑑𝑖𝑠𝑙 = 𝛼𝑀𝐺𝑏 𝜌

𝛼
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𝜎𝑑𝑖𝑠𝑙 = 𝛼𝑀𝐺𝑏 𝜌
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Work hardening, disl

• Taylor equation

• Two parameter model

𝜎𝑑𝑖𝑠𝑙 = 𝛼1𝑀𝐺𝑏 𝜌1 + 𝛼2𝑀𝐺𝑏 𝜌2

- Internal dislocation density

- Wall dislocation density

𝜌1
𝜌2
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Model overview

• Contributions to yield strength, YS

• Intrinsic strength, i

• Work hardening, disl

• Grain/subgrain boundary strengthening, gb , sgb 

• Solid solution strengthening, ss

• Precipitation strenghtening, prec
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Grain/subgrain boundary strengthening, gb , sgb

• Hall-Petch equation 

- Grain diameter

- Subgrain diameter

- Constant

D



nk

D

kgb

gb =



sgb

sgb

k
=
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Model overview
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Solid solution strengthening, ss

- Coefficient for element i

- Element i content in the prec. Domain

   (mole fraction)

- Exponent for element i

- Exponent for substitutional elements

- Exponent for interstitial elements

- Global exponent

ic
ik
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Solid solution strengthening, ss

- Coefficient for element i
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Solid solution strengthening, ss
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Solid solution strengthening, ss

• Solid solution strengthening, ss
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Model overview

• Contributions to yield strength, YS

• Intrinsic strength, i

• Work hardening, disl
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Precipitation strengthening, prec

• 2 alternative models available

• Size distribution dependent strengthening

• Co-cluster strengthening

• 𝜏𝑝𝑟𝑒𝑐 → 𝜎𝑝𝑟𝑒𝑐

- Critical shear stress for a dislocation to cut/by-pass a particle𝜏𝑝𝑟𝑒𝑐
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Size distribution dependent strengthening

• Precipitate size dependence

• Some general parameters/settings

• 2 scenarios for dislocation behavior:

• Non-shearable particles (Orowan mechanism) → bypassing precipitate

• Shearable particles (weak or strong) → cutting precipitate

• Critical stresses for both scenarios are evaluated
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Size distribution dependent strengthening

• Precipitate size dependence

• Contributions dependent on precipitate size

• Various choices for precipitate size parameter selection possible

• Number weighted mean radius

• Volume weighted mean radius

• Size class radius



MCE-ppt-M04E-V1

Page ▪ 28

Size distribution dependent strengthening

• Various choices possible

• Number-weighted mean radius, 𝑟𝑚,𝑛

• Volume-weighted mean radius, 𝑟𝑚,𝑣

• Size class radius, 𝑟𝑖

Size class index
𝑖

Size class radius
𝑟𝑖

Size class
number density

𝑁𝑖

0 𝑟0 𝑁0

1 𝑟1 𝑁1

2 𝑟2 𝑁2

3 𝑟3 𝑁3

… … …

𝑟𝑚,𝑛 =
σ𝑖𝑁𝑖𝑟𝑖
σ𝑖𝑁𝑖

𝑟𝑚,𝑣 =
σ𝑖𝑁𝑖𝑟𝑖

4

σ𝑖𝑁𝑖𝑟𝑖
3

Precipitate size distribution
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Size distribution dependent strengthening

• Various choices possible

• Number-weighted mean radius, 𝑟𝑚,𝑛

• Volume-weighted mean radius, 𝑟𝑚,𝑣

• Size class radius, 𝑟𝑖 (multi-class model)

Size class index
𝑖

Size class radius
𝑟𝑖

Size class
number density

𝑁𝑖

0 𝑟0 𝑁0

1 𝑟1 𝑁1
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3 𝑟3 𝑁3

… … …

𝑟𝑚,𝑛 =
σ𝑖𝑁𝑖𝑟𝑖
σ𝑖𝑁𝑖
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4
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Size distribution dependent strengthening

• Precipitate size dependence

• Some general parameters/settings

• 2 scenarios for dislocation behavior:

• Non-shearable particles (Orowan mechanism) → bypassing precipitate

• Shearable particles (weak or strong) → cutting precipitate

• Critical stresses for both scenarios are evaluated
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Size distribution dependent strengthening

• Some general parameters/settings

• Angle between dislocation line and Burger’s vector,                        

(edge/screw ratio;  = 0 for pure screw;  = /2 for pure edge)

• Equivalent radius, req (describes precipitate-dislocation interference area)

• Mean distance between the precipitate surfaces, LS
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• Some general parameters/settings

• Angle between dislocation line and Burger’s vector  

(edge/screw ratio;  = 0 for pure screw;  = /2 for pure edge)

Size distribution dependent strengthening
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• Some general parameters/settings

• Equivalent radius, req (describes precipitate-dislocation interference area)

- Precipitate mean radius
mr

meq rr
4


=

Size distribution dependent strengthening
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• Some general parameters/settings

• Mean distance between the precipitate surfaces, LS

ss
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classmclassV

S rr
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L
SS
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,,
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,,
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2

- Precipitate number density within the class

- Precipitate mean radius within the class

classVN ,

classmr ,

Size distribution dependent strengthening
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Size distribution dependent strengthening

• Precipitate size dependence

• Some general parameters/settings

• 2 scenarios for dislocation behavior:

• Non-shearable particles (Orowan mechanism) → bypassing precipitate

• Shearable particles (weak or strong) → cutting precipitate

• Critical stresses for both scenarios are evaluated
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Non-shearable particles

𝜏𝑛𝑠ℎ =
𝐽𝐺𝑏

2𝜋𝐿𝑆
𝑙𝑛

𝜋

2

𝑟𝑒𝑞
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ℎ Τ2 3
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Non-shearable particles
𝜏𝑛𝑠ℎ - Critical stress for a dislocation to by-pass the precipitate

𝜏𝑛𝑠ℎ =
𝐽𝐺𝑏

2𝜋𝐿𝑆
𝑙𝑛

𝜋

2

𝑟𝑒𝑞
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1
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9
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1

ℎ2
𝑐𝑜𝑠2𝜃

𝐺 - Shear modulus

𝑏 - Burgers vector

𝜐 - Poisson‘s ratio

𝑟𝑒𝑞 – Equivalent radius

𝜃 - ∠(𝑏; dislocation line)

𝑟𝑖 – dislocation core radius

ℎ - Shape factor
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Non-shearable particles
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Size distribution dependent strengthening

• Precipitate size dependence

• Some general parameters/settings

• 2 scenarios for dislocation behavior:

• Non-shearable particles (Orowan mechanism) → bypassing precipitate

• Shearable particles (weak or strong) → cutting precipitate

• Critical stresses for both scenarios are evaluated
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Shearable particles

• Models for “weak” and “strong” particles 

• Various effects (contributions) considered

• Coherency effect

• Modulus effect

• Anti-phase boundary effect

• Stacking fault effect

• Interfacial effect
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„Weak“ vs. „strong“ particles
• Criterion: Dislocation bending angle  threshold

• Strong resistance of particles → High curvature of dislocation line → small 

0° -  → “strong” particles

  - 180°  → “weak” particles
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„Weak“ vs. „strong“ particles
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• Criterion: Dislocation bending angle  threshold

• Strong resistance of particles → High curvature of dislocation line → small 



MCE-ppt-M04E-V1

Page ▪ 48

„Weak“ vs. „strong“ particles
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• Criterion: Dislocation bending angle  threshold

• Strong resistance of particles → High curvature of dislocation line → small 
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„Weak“ vs. „strong“ particles
• Dislocation line tension, T

• Simple model

• Advanced model (different values for „weak“ and „strong“ particles)

2

2Gb
T =




















−

−+
=

i

S
strong

r

LGb
T ln

1

sin31

4

22





 


















−

−+
=

i

eff

weak
r

LGb
T ln

1

sin31

4

22







𝐺 - Shear modulus

𝑏 - Burgers vector

𝜐 - Poisson‘s ratio

𝑟𝑖 – dislocation core radius
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„Weak“ vs. „strong“ particles
• Dislocation line tension, T

• Simple model
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„Weak“ vs. „strong“ particles
• Dislocation line tension, T

• Simple

• Advanced
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Shearable particles

• Models for “weak” and “strong” particles 

• Various effects (contributions) considered

• Coherency effect

• Modulus effect

• Anti-phase boundary effect

• Stacking fault effect

• Interfacial effect



MCE-ppt-M04E-V1

Page ▪ 53

Coherency effect
• Strain field due to precipitation/matrix misfit

• Strong particles

• Weak particles
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Coherency effect
• Shearable particles – Coherency effect

• Strain field due to precipitation/matrix misfit

• Strong particles

• Weak particles
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Coherency effect
• Strain field due to precipitation/matrix misfit

• Strong particles

• Weak particles
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Coherency effect
• Strain field due to precipitation/matrix misfit

• Strong particles

• Weak particles
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Shearable particles

• Models for “weak” and “strong” particles 

• Various effects (contributions) considered

• Coherency effect

• Modulus effect

• Anti-phase boundary effect

• Stacking fault effect

• Interfacial effect
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Modulus effect
• Elastic properties of precipitate and matrix differ → dislocation 

energy inside and outside the precipitate differ

• 2 models

• Nembach

• Siems
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Modulus effect
• Elastic properties of precipitate and matrix differ → dislocation 

energy inside and outside the precipitate differ

• 2 models

• Nembach

• Siems
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• Nembach model

• Strong particles

• Weak particles

Modulus effect
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Modulus effect

• Siems model

2/1
2

mod, 1
2

8.0






















−=

E

E

bL

T p

S

strong

strong

- Particle Poisson ratio
p

( ) ( )

( )
i

S
p

eq

S
p

i

eq

P

p

r

L
G

r

L
G

r

r
G

E

E

log1

log1log1





−

−+−

=

4/3
2

mod, 1
2























−=

E

E

bL

T p

S

weak
weak

( ) ( )

( )
i

eff

p

eq

eff

p

i

eq

P

p

r

L
G

r

L
G

r

r
G

E

E

log1

log1log1





−

−+−

=

Strong Weak



MCE-ppt-M04E-V1

Page ▪ 62

• Nembach model

• Strong particles

• Weak particles

Modulus effect
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Modulus effect
• Elastic properties of precipitate and matrix differ → dislocation 

energy inside and outside the precipitate differ

• 2 models

• Nembach

• Siems

strongmod,

weakmod,
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Shearable particles

• Models for “weak” and “strong” particles 

• Various effects (contributions) considered

• Coherency effect

• Modulus effect

• Anti-phase boundary effect

• Stacking fault effect

• Interfacial effect
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Anti-phase boundary (APB) effect
• Dislocation passing through ordered precipitate increases the energy 

by creating the APB

• Strong particles

• Weak particles
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Anti-phase boundary (APB) effect
• Dislocation passing through ordered precipitate increases the energy 

by creating the APB

• Strong particles

• Weak particles
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Anti-phase boundary (APB) effect
• Dislocation passing through ordered precipitate increases the energy 

by creating the APB

• Strong particles

• Weak particles
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Shearable particles

• Models for “weak” and “strong” particles 

• Various effects (contributions) considered

• Coherency effect

• Modulus effect

• Anti-phase boundary effect

• Stacking fault effect

• Interfacial effect
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Stacking fault (SF) effect
• Passing dislocation creates a stacking fault – energy difference 

between the SF in the precipitate and matrix
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Stacking fault (SF) effect
• Passing dislocation creates a stacking fault – energy difference 

between the SF in the precipitate and matrix

• Strong particles

• Weak particles
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Stacking fault (SF) effect
• Passing dislocation creates a stacking fault – energy difference 

between the SF in the precipitate and matrix
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Stacking fault (SF) effect
• Passing dislocation creates a stacking fault – energy difference 

between the SF in the precipitate and matrix
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Stacking fault (SF) effect
• Passing dislocation creates a stacking fault – energy difference 

between the SF in the precipitate and matrix
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Stacking fault (SF) effect
• Passing dislocation creates a stacking fault – energy difference 

between the SF in the precipitate and matrix

• Strong particles

• Weak particles
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Shearable particles

• Models for “weak” and “strong” particles 

• Various effects (contributions) considered

• Coherency effect

• Modulus effect

• Anti-phase boundary effect

• Stacking fault effect

• Interfacial effect
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Interfacial effect
• Passing dislocation increases the area of precipitate/matrix interface

• Strong particles

• Weak particles
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- Precipitate/matrix interface energy
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Interfacial effect
• Passing dislocation increases the area of precipitate/matrix interface

• Strong particles

• Weak particles
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Interfacial effect
• Passing dislocation increases the area of precipitate/matrix interface

• Strong particles

• Weak particles
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Size distribution dependent strengthening

• Precipitate size dependence

• Some general parameters/settings

• 2 scenarios for dislocation behavior:

• Non-shearable particles (Orowan mechanism) → bypassing precipitate

• Shearable particles (weak or strong) → cutting precipitate

• Critical stresses for both scenarios are evaluated
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Identifying the strengthening regime

• Values of   evaluated for each of three regimes (Non-shearable, 

shearable weak, shearable strong)
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Identifying the strengthening regime

• Values of   evaluated for each of three regimes (Non-shearable, 

shearable weak, shearable strong)
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Regime of each precipitate

• i,regime with the lowest value for the precipitate phase i is taken for 

the further operations

( ) sh
shshshshsh
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If coherency radius ≠ 0 and the respective radius (mean value or size

class) is greater than the coherency radius ➔

the non-shearable regime is taken for further calculation
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Evaluation of 𝜏𝑝𝑟𝑒𝑐

• Summation of 𝜏𝑖,𝑟𝑒𝑔𝑖𝑚𝑒

𝑖 −
Precipitate phase (for „mean radius“ models)
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Evaluation of 𝜏𝑝𝑟𝑒𝑐

• Summation of 𝜏𝑖,𝑟𝑒𝑔𝑖𝑚𝑒

𝑖 −
Precipitate phase (for „mean radius“ models)

Size class (for „multi-class“ model)
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• Summation of 𝜏𝑖,𝑟𝑒𝑔𝑖𝑚𝑒

Evaluation of 𝜏𝑝𝑟𝑒𝑐
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Precipitation strengthening, prec

• 2 alternative models available

• Size distribution dependent strengthening

• Co-cluster strengthening
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• Related to binding enthalpy of co-cluster elements

Co-cluster strengthening

𝜏𝑝𝑟𝑒𝑐 =
8

3 3

Δ𝐻𝑐𝑐𝑙
𝑏3

𝑓𝑐𝑐𝑙𝑦𝐴 1 − 𝑥𝐵 + 𝑓𝑐𝑐𝑙𝑦𝐵 1 − 𝑥𝐴 + 3𝑥𝐴𝑥𝐵

M.J. Starink, S.C. Wang, Acta Mater. 57 (2009) 2376-2389

- Enthalpy of binding between elements

A and B in co-cluster

- Burgers vector

- Content of element i in co-cluster

- Content of element i in matrix

- Co-cluster phase fraction

∆𝐻𝑐𝑐𝑙

𝑥𝑖

𝑏

𝑦𝑖

𝑓𝑐𝑐𝑙
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Precipitation strengthening, prec

• 2 alternative models available

• Size distribution dependent strengthening

• Co-cluster strengthening

• 𝜏𝑝𝑟𝑒𝑐 → 𝜎𝑝𝑟𝑒𝑐

- Taylor factor𝑀𝑇

𝜎𝑝𝑟𝑒𝑐 = 𝑀𝑇𝜏𝑝𝑟𝑒𝑐
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Precipitation strengthening, prec

• 2 alternative models available

• Size distribution dependent strengthening

• Co-cluster strengthening

• 𝜏𝑝𝑟𝑒𝑐 → 𝜎𝑝𝑟𝑒𝑐

- Taylor factor𝑀𝑇

𝜎𝑝𝑟𝑒𝑐 = 𝑀𝑇𝜏𝑝𝑟𝑒𝑐
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𝜎𝑎𝑡ℎ = 𝜎𝑖 + 𝜎𝑔𝑏 + 𝜎𝑠𝑔𝑏 + 𝜎𝑠𝑠 + 𝜎𝑝𝑟𝑒𝑐

𝜎0 = 𝜎𝑎𝑡ℎ + 𝜎𝑡ℎ

𝜎𝑡ℎ = 𝜎𝑑𝑖𝑠𝑙

• Yield stress at temperature 0 K

• Thermal & athermal contributions

Mechanical threshold, 𝜎0

𝜎0 = 𝑓 𝜎𝑖 , 𝜎𝑑𝑖𝑠𝑙, 𝜎𝑔𝑏, 𝜎𝑠𝑔𝑏 , 𝜎𝑠𝑠, 𝜎𝑝𝑟𝑒𝑐
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Thank you for your attention !
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Shape factor influence on LS

Precipitation hardening
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Shape factor influence on LS

Precipitation hardening
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Shape factor influence on LS

Precipitation hardening
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Precipitation hardening
• Shearable particles – (e.g. coherency effect)
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Precipitation hardening
• Shearable particles – Coherency effect for non-spherical particles

• Strong particles

• Weak particles
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